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Abstract 


In the three-dimensional s!(V) Chern-Simons higher-spin theory, we prove that the 
conical surplus and the black hole solution are related by the 5-transformation of the 
modulus of the boundary torus. Then applying the modular group on a given conical 
surplus solution, we generate a ‘SL(2, Z)’ family of smooth constant solutions. We then 
show how these solutions are mapped into one another by coordinate transformations 
that act non-trivially on the homology of the boundary torus. 

After deriving a thermodynamics that applies to all the solutions in the ‘SL(2, Z)’ 
family, we compute their entropies and free energies, and determine how the latter 
transform under the modular transformations. Summing over all the modular images 


of the conical surplus, we write down a (tree-level) modular invariant partition function. 
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1 Introduction and Summary 


In the theory of the three-dimensional pure Einstein gravity with a negative cosmological 
constant, as there is no propagating degree of freedom in the bulk, all asymptotically AdS so- 
lutions are locally diffeomorphic and differ only in their global structures [H4]. In Euclidean 


signature, starting with a thermal AdS3, whose conformal boundary is a torus with modulus 


artt) 


T, we can obtain an ‘SL(2, Z)’ family of solutions via modular transformations (T +> 45 


on the modulus of the boundary torus [5]. In particular, the S-transformation T +> —+ maps 


201708.00145v1 


chinaXiv 


the AdS; into a BTZ black hole. The full modular invariant partition function consists of 
a sum of all the modular images of the AdS3 partition function: Z[T] = > Zaas; [2+] [6]. 


ct+d 


One can then study the phase structure using Z[r], and for example show how Hawking- 
Page transition [7] occurs when T moves across the boundary between different fundamental 
domains [5){6]/8}. 

Vasiliev’s higher-spin theory is a generalization of the gravity theory; besides the gravi- 
ton, it contains massless spin-s fields with s > 3; and it lives in spaces with non-zero constant 
curvatures, i.e. AdS or dS spaces [9HI2]. In three dimensions, it can be consistently trun- 
cated to a Chern-Simons subsector after the scalar in the theory is decoupled [34H We 
only consider AdS space in this paper. In AdS3, the gauge algebra of this Chern-Simons 
theory is an infinite-dimensional Lie algebra hs[A] [15\[16], which at A = N reduces to the 
finite-dimensional st(N) [9\[17]. The 3D Chern-Simons high-spin theory is a straightforward 
generalization of the s{(2) Chern-Simons theory (the alternative formulation of the 3D pure 
gravity with a negative cosmological constant [18|19]) and share its essential features: in par- 
ticular, it does not have any propagating degree of freedom in the bulk of the three-manifold 
M; the topology of M and the boundary data on OM determine the dynamics. 

In the Chern-Simons higher-spin theory, two types of smooth solutions have been found 
and studied: the conical surplus constructed by and the black hole by [21]. They can be 
viewed as the higher-spin-charge-carrying generalizations of the AdS and BTZ black hole, 
respectively. Since the notion of the boundary torus still exists in the higher-spin version of 
the Chern-Simons theory, we can ask whether these two solutions, the conical surplus and 
the black hole, are related via an S-transformation of the modulus of the boundary torus. 

In some sense, this has to happen since these two solutions reduce to AdS3 and BTZ 
when all the higher-spin charges are set to zero. The non-trivial part of the story is this: 
the boundary modulus 7 can be considered as the thermodynamical conjugate of the spin-2 
charge, and in the higher-spin theory, the spin-2 field is coupled with all the higher-spin 
fields, therefore a transformation of 7 inevitably induces the corresponding transformations 
on the chemical potentials of all the higher-spin charges. The crux in generalizing the 
modular properties of the spin-2 theory to a higher-spin theory is in determining this induced 
transformations on the higher-spin chemical potentials. 

For this purpose, one first needs a consistent description of the thermodynamics of the 
given solution. Up till now this is absent for the conical surplus; however for the black hole 
an extensive literature on its thermodynamics has already emerged: e.g. a ‘holomorphic’ 
approach represented by and a ‘canonical’ one represented by [27}29}. 

In this paper we choose the ‘canonical’ formalism because, as we will show later, in this 


formalism important quantities and equations are manifestly modular invariant or covariant. 


'In 3D, the scalar does not sit in the higher-spin multiplet therefore can be consistently decoupled. 
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In the ‘canonical’ formalism we generalize the thermodynamics of the black hole to include 
all smooth stationary solutions. 

Once the thermodynamics of the conical surplus is established, we determine the required 
transformation on the higher-spin chemical potential accompanying the S-transformation on 
the boundary modulus T +> —t, and prove that the conical surplus and the black hole are 
S-dual. We then show that the black hole and the conical surplus are related by a coordinate 
transformation (that changes the modular parameter of the boundary torus from 7 to —+). 

Then we generalize from the S-transformation to the full modular group: starting with 
a higher-spin-charge-carrying conical surplus solution and applying on it the full modular 
group, we can generate an ‘SL(2, Z)’ family of smooth stationary solutions. They are all con- 
nected by coordinate transformations that act non-trivially on the homology of the boundary 
torus. Their free energies hence their on-shell partition functions are related via modular 
transformations. The full modular invariant partition function then involves summing over 
all the modular images of the conical surplus. 

The paper is organized as follows. In Section 2] we briefly review some basics of 3D sI(N) 
higher-spin theory, summarize known stationary smooth solutions, and define new smooth 
stationary solutions in the ‘SL(2, Z) family. In Section B] we formulate a thermodynamics 
that is universal to all members of the ‘SL(2, Z) family (including conical surplus and black 
hole). Then in Section 4] we prove that a conical surplus can be mapped into a black hole 
via an S-transformation of the modulus of the boundary torus. In section B]we show how to 
generate an ‘SL(2, Z) family of smooth solutions. We summarize and discuss open problems 
in section [6] In Appendix [A] we present a detailed proof for a statement that is central to 
our paper; in Appendix [Bl] we review the spin-2 story; finally in Appendix [C] we discuss sI(4) 


theory as a concrete example. 


2 Basics of 3D higher-spin theory 


In this section we first review some basics of the three-dimensional sl(V) higher-spin theory 
(for more details see the earlier works [20/21/30] and the reviews [81/32]). Then we summarize 
known smooth solutions in this theory, i.e. the conical surplus and the black hole, and 
meanwhile prepare the readers for our later discussion on general smooth solutions. In this 


paper we focus on stationary, axially symmetric, solutions. 
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2.1 Action 


In three dimensions, the Einstein-Hilbert action with a negative cosmological constant A 


can be rewritten in terms of an sl(2,R) @ sl(2,R) Chern-Simons theory (up to a boundary 
term) [I8}[19]: 


_ 2 
S = Scs[A] — Scs[A] with Scs[A] = £ f T[AAdA+ZAnAA A] (2.1) 
M 


where M is a locally AdS manifold; A and A are ṣI(2, R) gauge fields; the trace ‘Tr’ is on 
lAdS3 
4GyN ` 


Einstein-Hilbert action with a negative A into a gauge theory) only works in three dimensions. 


the 2-dimensional representation of sI(2) and the level k = This trick (of rewriting 

On the other hand, the three-dimensional Vasiliev higher-spin theory is also much more 
tractable than its higher-dimensional siblings. Besides the gauge fields, the theory has only 
one additional scalar field, which can be consistently decoupled since it is not part of the 
higher-spin multiplet in 3D. The gauge field subsector can then be written as a Chern-Simons 
theory with A and A € hs[à], which is an infinite-dimensional Lie algebra and at \ = N 
reduces to sI(N) (after quotiented by an infinite ideal). In this paper we will focus on the 


3D sl(N) Chern-Simons theory. The trace ‘Tr’ in the Chern-Simons action (2.1) is now on 


Laas 1 2 
4G ny 2 Tr[(Lo)?] 


the N-dimensional representation of sl(.V) and the level becomes k = 
Now let us parametrize the base manifold M. Since the theory has a negative cosmologi- 
cal constant, we choose the boundary condition to be asymptotically AdS3. A constant-time 
slice of an asymptotically AdS3 space M is topologically a disc. Specify a radial coordinate 
p and an angular coordinate ¢, the coordinate is then {p,t,@}. The asymptotic boundary 
OM is at p + œ and the boundary coordinates are {t, ¢}. 
In this paper, we focus on Euclidean signature. The Wick rotation into Euclidean signa- 


ture is via t > itg and the coordinate becomes {p, z, Z} with 
z=¢+itp. (2.2) 


Accordingly, the gauge symmetry becomes sI(N, C). The connection. A € sI(N, C); and in 


the representation we will choose, A is A’s anti-hermitean conjugatet4 
A=+Al. (2.3) 


Therefore, most of the time we only need to write the A’s side of the expression and the one 


?This additional normalization factor TET is necessary for the spin-2 subsector of sI(N) higher-spin 
theory to match the Einstein gravity. 
3This is also the convention used by [202783] 
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for A can then be inferred using (2.3). 
The Chern-Simons action (2.1) has gauge degrees of freedom A ~ A + dA, which allows 


us to fix the gauge as: 


A(p,z,Z) = b7" a(z,Z) b +b db (2.4) 


where b = e?”° is an SL(NV)-valued 0-form, and a is an s{(N)-valued 1-form on the boundary 
OM: 
a= a,dz+asdzZ. (2.5) 


2.2 Asymptotic symmetries 


The sl(2) subalgebra corresponds to the spin-2 (i.e. gravity) sector, with generators {Lo +41}, 


whose commutators are: 
[aay Ln] = (m = n)Lm+n 5 m,n = —1,0,1. (2.6) 


(We will also sometimes write L,, = wg.) From the sI(N) gauge symmetry, we first need 
to make a choice as to which sl(2) subalgebra corresponds to the gravity sector, namely we 
need to choose how the gravity s{(2) embeds in the full gauge algebra st(N). The choice 
of this embedding then determines the spectrum of the theory. The principal embedding 
is particularly simple because the field of each spin appears once and only once. In this 
paper we only discuss the principal embedding and a generalization to other embeddings is 
straightforward. 

Next, one can choose the boundary condition for A and determine the asymptotic sym- 
metry group. This was done in [80\/34}36]. In the absence of sources, the asymptotic AdS 
condition implies 


A; =0. ae 


However this boundary condition (2.7) is too weak and gives rise to a phase space that is too 
large (with an affine sl(N) algebra as its asymptotic symmetry). An additional boundary 
condition was proposed by to supplement (see also for the spin-2 case): 


(A= Ads) |poo =0(1), (2.8) 


which reduces the phase space by imposing a first-class constraint on the sI( N) affine algebra 
and results in a Wy algebra as the asymptotic symmetry. This is the bulk realization of the 
Drinfeld-Sokolov reduction (the reduction of an affine algebra to a W-algebra) [88]. 
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In the process of the Drinfeld-Sokolov reduction, different gauge choices give different 
bases for the W-algebra. A particular convenient choice is the highest-weight gauge, which 
gives rise to a W-algebra in which all W“) are primaries with respect to the lowest spins 
BOBE]. Since there is no spin-1 field in the s{(N) Chern-Simons theory, all W‘2) fields are 


Virasoro primaries: 
[Lm W9] = [(s — 1)m — n]W®),,, SEB, MneZ, (2.9) 


This is the gauge we will use throughout this aal 

Recall that in the spin-2 case the bulk isometry sl(2) is given by the ‘wedge’ subalgebra 
(generated by L_19,1) of Virasoro algebra. Here the (N° — 1)-dimensional bulk isometry 
sl(N) is generated by Wi) with s = 2,...,N and m = —s+1,...,s—1. An explicit 
representation of for m < |N] is B9]: 


s—n-1 (s eo 1)! 


We =(-) (25 — 2)! 


: (Adira "(iyo (2.10) 
where the adjoint action Adj, B = [A, B]. Lastly, we will choose a convention in which 


(Lm)! = (-1)"L_m (2.11) 


which together with (2.10) implies (wt = (-1)"w®), for s = 2,..., N. In this convention 
we have (2.3). 


2.3 Smooth solutions 


2.3.1 Equations of motion 
The equation of motion of the Chern-Simons action is the flatness condition for A: F = 


dA+A/AA=0. In the gauge @.4), this translates into the flatness of a: 


f=da+a^a=0. (2.12) 


In this paper we will only consider axially-symmetric, stationary, solutions. For these 
solutions, A has only p-dependence. In the gauge (2.4) , this means that a is constant, hence 


throughout this paper we will refer to them as constant solutions (although they can rotate). 


“Other gauges are possible and might be more suitable for other questions, for details see : 
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Their equations of motion (2.12) reduce to 
laz, az] =0. (2.13) 


Once a, is fixed, az can be determined via the equation of motion (2.13), whose solution 
is simply az being an arbitrary traceless function of a,. By Cayley-Hamilton theorem, an 
arbitrary function of a N x N matrix a, (that is generic enough) truncates to a polynomial 


of a, of degree-(N — 1); therefore az has the expansion [51]: 


az= Soo, [tay = A Ci l (2.14) 


Up to now, {o,} are (N — 1) arbitrary complex parameters. Later we will show how they 


are fixed in terms of the chemical potentials of the higher-spin charges. 


2.3.2 Holonomy condition 


In this subsection, we define the condition that characterizes a generic smooth constant 
solution. The known solutions, i.e. the conical surplus and the black hole, are the two 
special cases. 

Any given a, together with the az related by it via would solve the equation of 
motion (2.13). However, requiring the solution be smooth imposes a much more stringent 
constraint. Since in the higher-spin theory, the spin-2 field is coupled with all higher-spin 
fields hence the Ricci scalar is no longer a gauge invariant entity, the smoothness condition 
need to be prescribed in terms of other, gauge-invariant, observables. In the 3D Chern- 


Simons theory, the natural candidate is the holonomy around a one-cycle C in M: 
Hole(A) = Pese4. (2.15) 


The smoothness condition is then simply that the holonomy around any contractible cycle 
(A-cycle) must be trivial, i.e. Hola (A) € center of the gauge group [20|[2]]. 

First let us describe the cycles in this 3D Euclidean spacetime. The asymptotic boundary 
of the Euclidean AdS; is a torus. First we fix its homology basis (a, 3) with aN 8 = 1. Then 
we give this torus a complex structure. This allows us to define a holomorphic 1-form w; we 
can choose its basis such that $, w = 1, then 7 = $o w defines the modulus of the torus. Once 
the modulus of the boundary torus is fixed, different bulk geometries correspond to different 
ways of filling the solid torus. We first fix the primitive contractible cycle (A-cycle), then 
the primitive non-contractible cycle (B-cycle) that satisfies ANB= 1 is uniquely determined 
up to shifts in the A-cycle. The (A,B) homology basis is related to the original (a, 3) basis 


T 
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via a modular transformation: 


B\ fab B ee” a b 
PEA wm (Jeren ew 


PSL(2, Z) = SL(2,Z)/Z2,  SL(2,Z)={ k ') | a,b,c,d € Z,ad—be=1}. (2.17) 


with 


Then the torus with (A,B) as the homology basis but with the same holomorphic 1-form w 
has a modular parameter 
fo  art+b 
modular parameter = —— = ——., (2.18) 
fiw er+d 
which is a modular transformation of the original modulus 7. Throughout this paper, we 
use Be denote an element of the modular group PSL(2, Z) and define 47 to be its action 


onek 


a b ar +b 
= PSL(2,Z): VT = . 2.19 
r((Jemman: ore em 


Also note that throughout this paper, by modular parameter we mean the ratio of the 
(complex) length of the non-contractible(B) cycle and that of the contractible(A) cycle, as 


defined in (2.18); and we reserve the term modulus for T. 


The conical surplus solutions that carry higher-spin charges has a contractible cycle 
o~ d+ 2r, just like the AdS; [20]. 


1 0 A-cycle: z~z+27, 
co ae = á (2.20) 
0 1 B-cycle: z~z+2a7. 


Accordingly, the holonomy around this ¢-cycle needs to lie in the center of the gauge group: 
Hol (A) = b-'e?™*b € center of G (2.21) 


where wọ is defined add 
Wg = a; + az. (2,22) 


°In PSL(2, Z), y and —7 are identified, hence we can choose c > 0 without loss of generality. 


Throughout the paper we will call such w ‘holonomy matrix’. 
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Let’s denote by ‘A (w)’ the vector of eigenvalues of a matrix w: 
U w U~! = DiagonalMatrix[\y,...,Av] => A(w) == (A1,.--,An)- (2.23) 


The center of SL(N,C) is e-?"'¥1 with m € Zy, which implies that the eigenvalues of wg 
satisfies [20]: 
A (wo) Sit, (2.24) 


where the vector 7 = (n1,...,nw) with n; E€ Z—%, nj An; for i £ j, and ym = 0, and 
most importantly n; must come in pairs for the solution to be a conical surplus, i.e. if we 


order {n;} into a monotone sequence then 
N+ NN41-i = 0. (2.25) 


This imposes a very strong constraint on m: m = 0 for N odd, and m = 0 or x for N even. 
But recall that the center of SL(N, R) is precisely 1 for N odd and +1 for N šven] therefore 
the constraint forces the holonomy to lie in the center of the Lorentzian gauge group 
SL(N,R) rather than that of the Euclidean one SL(N, C). In summary the vector 7 obeys 


E Z N odd ee 
n = (n1,... NN), Ni E ; ni E nj fori Ż j, Ni + NN+1—i = 0, 
Zor Z+ j N even 
(2.26) 
and can be considered as a ‘topological charge’ of the solution; and we will term it ‘holonomy 
vector’. The global AdS3 space corresponds to 7 = p (the Weyl vector of sI( N), with 
= — — i), and generic 7i’s satisfying (2.26) give conical surpluses [20]. For discussions 
on the conical surplus in hs[\] Chern-Simons theory see e.g. 


On the other hand, the (Euclidean) black hole has a contractible cycle z ~ z + 27r. 


0 -1 A-cycle: zg~z4+2a7, 
BH q= = j (2.27) 
1 0 B-cycle: z~z—-—27. 


Accordingly, the trivial holonomy condition is [21]: 
Hol,(A) = b-'e?™*b € center of SL(N,R), (2.28) 


with w; defined as 
Wi = TA, + Taz. (2.29) 


TThe +1 for N even arises from the fact that the gauge group is actually (SL(N, R)/Z2) x (SL(N, R)/Z2) 


[20]. 
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Namely 
A (w) S= iñ, (2.30) 


with 7 satisfying the same set of conditions as the conical surplus (2.26). n = p corresponds 
to the higher-spin-charge-carrying BTZ black hole first constructed in [21]; and other ñ’s 
give more generic higher-spin black holes. 


This definition of smooth solution by the holonomy around the contractible cycle can be 
easily generalized to include solutions whose modular parameter is a generic ¥7 (other than 
) € PSL(2, Z), the A/B cycles are 


a 


i : a b 
T or —=). For a generic y = k a 


Contractible(A)-cycle: z~z+2n(cr4+d), (2.31) 
Non-contractible(B)-cycle: z~ z+2r(ar+b). l 


Accordingly, for a smooth solution, the holonomy around the A-cycle should be trivial 


Hola (A) = b-'e?™4b € center of SL(N, R), (2.32) 


with the holonomy matrix around the A-cycle given by 


wa = a a =(cr+d)a,+ (cT + d)az, (2.33) 
21 A 


namely 


A(wa) =i (2.34) 


again with 7 given by (2.26). Here we also write down the holonomy matrix around the 
B-cycle for comparison and for later use: 


1 
wg = — f a = (ar + bja; + (aT + b)az. (2.35) 
27 Jp 


For given ñi and 7, varying y € PSL(2, Z) then generates a ‘SL(2,Z)’ family of solutions (a 
term coined in [5]). Since the T-transformation T ++ T + 1 does not change the A/B cycle 
2.31), we should consider the subgroup of Ir = PSL(2, Z) 


r= k ") | m€ Z}/Z CT =PSL(2,Z). (2.36) 


to be the stabilizer; hence the ‘SL(2,Z)’ family is actually the quotient [,,.\P. Since a y 
in .\P is uniquely given by the lower row (c,d) (which always satisfies gcd(c,d) = 1), an 


10 
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enumeration of all the members in this family is thus [46]: 
V(c, d) with cd€Z, c>0, ged(c,d)=1. (2.37) 
Lastly, the holonomy vector for A is always related to that of A via 
n=ñ (2.38) 


in the anti-hermitean basis we choose. We summarize the discussion of this subsection in 


the following table: 


EAdS3 and CS black hole Smooth solution y 


EOL 
anet dlar i) 
ee E = 

T ct+d 


3 Thermodynamics 


The conical surplus solution constructed in has higher-spin charges but with no chemical 
potential turned on, and hence there is no study on its thermodynamics yet. Meanwhile, the 
thermodynamics of the black hole in the sI(N) Chern-Simons theory has been extensively 
studied, and depending on the choice of the spin-2 conserved charge (the zero-mode of the 
energy-momentum tensor) there are two main approaches. In the ‘holomorphic’ formalism 
(initiated in and used in [22}26]), the spin-2 conserved charge (for the left-mover A) 
T is holomorphic In the ‘canonical’ formalism, the spin-2 conserved charge T is obtained 
either via a canonical approach à la Regge-Teitelboim [50], or via a direct derivation 
from the variational principle (for a precursor see [51]) which gives the same result; in 
this formalism T is not holomorphic and receives contribution from the right-mover A. The 
different definitions of (T, T) in turn leads to different results for the integrability condition, 
the entropy, and finally the free energy. For more details see the discussion in 27]. (For 
other discussions on the black hole thermodynamics see [52\[53].) 

Now we would like to generalize the result of the thermodynamics of the black hole to the 
conical surplus and to all smooth constant solutions in the ‘SL(2,Z)’ family. Which of the 


two formalism is better suited for this purpose? Usually the modularity (w.r.t. PSL(2, Z)) 


8For the CFT computation in this formalism see [47}49]. 


11 
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requires the holomorphicity of the theory. Therefore naively one would expect that the 
‘holomorphic’ formalism be the choice whereas the modular property be absent or at least 
obscured in the ‘canonical’ formalism. 

However, the fact that in the ‘canonical’ formalism T lacks holomorphicity therefore 
modularity does not pose any problem in a discussion of the modular properties in this 
formalism. First of all, although the spin-2 conserved charge T, and hence the entropy, 
is not modular covariant, this is to be expected since they are not holomorphic to start 
with. Moreover they are only intermediate quantities. As we will show presently, all the 
other final quantities — the connection, the holonomy condition, and the free energy — are 
modular invariant or covariant. We will derive manifestly modular covariant expressions for 
them. We will also show later in Section [6] that the crucial consistency condition — the 
integrability condition (relating conserved charges of different spins) — is modular invariant 
in the ‘canonical’ formalism. 

On the other hand, as we will discuss in Section [6] in the ‘holomorphic’ formalism, 
it is not clear to us how to write down a simple modular transformation such that the 
various important relations — the holonomy condition, the integrability condition, etc — 
are modular invariant or covariant. 

This leads us to choose the ‘canonical’ formalism developed in for our generalization 
of thermodynamics of the black hole to all members of the ‘SL(2, Z)’ family. In this section, 
we generalize the procedure in 


1. Vary the bulk action and identify the source and charge terms in the connection. 
2. Write down the suitable boundary action to ensure the variational principle. 
3. Identify the conjugate pair of energy and temperature, compute the free energy and 


entropy, and check the first law of thermodynamics. 


to generic smooth constant solutions (including the conical surplus). In particular, we com- 
pute the on-shell action for generic solutions and write down the modular covariant expres- 


sions for the entropy and free energy. 


One clarification: the construction of these general smooth constant solutions will only 
be shown later, in Section [5} However, since we first need to know the thermodynamics of 
the conical surplus solution (in order to consistently turn on its chemical potentials) before 
we can discuss its relation with the black hole solution, and since the thermodynamics of all 
these smooth solutions can be discussed in an unified way (and with no need to know the 
full details of the solutions), we will study all of them at once now, and postpone the explicit 


construction of these solutions to Section 


12 
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3.1 Variational principle 


In the presence of higher-spin conserved charges Q, with s = 3,..., N, the partition function 
(evaluated as an Euclidean path-integral) is a function of the boundary modulus 7 and the 


chemical potential u, conjugate to the higher-spin charge Q+: 

Z |r; us| = f papae™ (3.1) 
The free energy of the system is 

— BF |r; us| =ln Z[T; us]. (3.2) 


In this paper, we take the saddle point approximation (i.e. only include the classical result): 
each classical solution contributes e~/°” lon-shen, For each classical solution, its free energy F 


(in the saddle point approximation) is given by 
= BF = —j®) onsha : (3.3) 


In this section, we study the on-shell action of individual solutions; we will discuss the 


contributions from all saddle points to the partition function later in Section 


3.1.1 Variation of bulk action 


For the discussion in this section, it is enough to know that a smooth constant solution can 
be defined by the condition that its holonomy around the A-cycle is trivial, i.e. equation 
(2.31), (2.32), and (2.34); and it is determined by the PSL(2, Z) element y. 

The thermodynamics for the case of y = C 2) (the higher-spin black hole with modular 
parameter —+) was already given in [27]. We now generalize its derivation to the generic 


a 


smooth solution with modular parameter y = ( I The thermodynamical relation comes 
out of a direct variational calculation of the Chern-Simons action, which tells us how to add 
the boundary term once the choice of source/field is made. In this variational calculation, the 
modulus of the boundary torus should actively vary since it carries the physical information 
of the inverse temperature (and the twist along the angular direction) [27156]. However, in 
the coordinate system (z, Z) which we have been using, the modular parameter 47 is hidden 
in the identification of the A/B cycle; to make it appear explicitly we need to first switch 
to a coordinate system (w, Ù) that lives on a rigid torus with fixed modulus 7 = i. The 
coordinate transformation from (z, Z) to (w, w) is 


1— iT 1+iĵT _ 


z=(cr+d)( zY 7 w) (3.4) 
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and similarly for z. The A/B cycle is mapped to 


A-cycle: z~z+2n(cr +d) —> w~ wtr (3.5) 
B-cycle: z~ z +2r(arT +b) — w ~w ++ 2ni l 


Since in the (w, W) coordinate the torus is rigid, the on-shell variation of the Euclidean 


Chern-Simons action 
(E) ik 2 
TiAl = T Tr[A A dA + 34 AANA (3.6) 


in this coordinates is simply 


ik ik 
61) [A] basai 2 Tra ^A ôa] = = dw A dù Tr[awdae — ap6ay| (3.7) 
4r Jam 4r Jam 
and similarly for the A term. From now on we will omit the superscript (E) since we will 
only discuss the Euclidean signature. Now we translate this back to the (z, Z) coordinate. 
First, the volume element is 


idw A dw = —dz A dZ (3.8) 


T2 
which is invariant under the modular transformation T +> T. Second, the 1-form a is 


invariant under the coordinate transformation (8.4), hence 


1 = ee 1 _ PT 
dy = (or + (a) + (oF +d) (a) (3.9) 
whose variation contains explicitly the ôr and 67 term: 
Ï JA 1 3k o; 
Say = (er + d)(—— 6a) + (e7 + d(H az) + E (a,r + 0267) (3.10) 


and similarly for ag. The integrand in (8.7) is thus 
Tr[a,,dag — ag6Qy]| = T Trla,daz — azda,] + 5 Milla. + az)(a,6T + azdT)] (3.11) 
OT 
with 
To =Im T (3.12) 
However this is identical to the corresponding expression for the special case of the modular 
parameter being —4+, i.e. the black hole (see Eq. (4.16) in 27]). Namely, the variation of the 


bulk action only depends on the modulus 7 of the boundary torus but not on y, i.e. not on 
the identification of the A/B cycles. This is to be expected: for the theory with boundary 
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torus of the modular parameter 47, the inverse temperature 6 and the angular velocity @ is 


still given by the modular T: 
O+ 
Wr 


instead of Yr. Accordingly, the zero modes of the stress tensor (T, T) should still be read off 


(3.13) 


from the coefficients of (ôr, ôT), instead of (4(47),6(47)). The above computation confirms 
this. 


3.1.2 Charges and chemical potentials 


The fact that the variation of the bulk action (3.11) actually does not explicitly depend on 
y means that all the solutions in this ‘SL(2, Z) family should have the same identification 
of source/charge term inside the connection (a,a). Since for later proofs we will be using 
some of the details on how (a,@) depends on the charge and the chemical potential, we will 
explain them again in detail here, instead of merely referring to the earlier paper [27]. 

The symmetry algebra sl(N) is (N? — ee and can be eae > the gener- 
ators W) with s = 2,...,N and m = —s + 1,...,s — 1. The construction (2.10) produces 
an orthogonal basis 


Tr WOW] = tE myno (3.14) 


where t) = Tr ws yw) is the normalization factor of W$? 


The additional boundary conditions are first-class constraints, using which 4 can 


bring a, into a form where the charge matrix ae sits in the highest-weight direction W? Sa BA: 


N 
Qs (s 
a,=1,+Q Q= wt, (3.15) 
where Q, is the zero mode of the spin-s field W€ and t°) = t5 1. Note that in this basis 
1 2 1 3 
Q: = 9 Tr [(az) | Q3 = 3 Tr [(az) | (3.16) 
but for spins s > 4, iTr [(az)°] is no longer simply Qs, e.g. 


Et [(az)*] = Qa + Py Q? Tr (a)? | = Qs + r2 Q2Q3 iisi (3.17) 


where r;’s are some N- cei rational numbers that can be computed using (2.10), e.g. 
tor S53, = = x, 
transformation of the connection (a,@) takes very simple form in this basis, as we will show 


T and ro = etc. Nevertheless we choose this basis because the modular 


presently. 
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az should contain the information of the chemical potentials ju,’s. Following [27], we 
demand that the lowest weight terms (i.e. we, terms) of az are linear in u, in analogue to 


the construction of a, in (8.15): 


z (s) 
= M + (terms ~ WL 3) E 5 uW, (3.18) 


First note the absence of u in the definition of M: since we are now in Euclidean signature, 
the role of u2 should be replaced by the modulus 7 of the boundary torus. The prefactor oy 
is chosen to normalize the ,Q, term in the on-shell action (see (8.26) ); and it is common 
to all solutions in the ‘SL(2, Z} family, as explained in the previous subsection. And the 
presence of ‘2’ is from the Wick rotation to the Euclidean signature. 

From the definition (8.18) and the orthogonality of the (ws ) } basis, we have the following 


N — 1 equations: 


1 : 0 s=2 
— Tr[W®_ az] = (3.19) 
t(s) a ; 
Ills 6 = DaN 
which can uniquely determine the N — 1 {o,} in (2.14) in terms of {us} for given {Qs}. 
Once az is written in terms of u, and Q, we can use the holonomy condition to select the 
smooth solutions: e.g. (2.24) for conical surpluses, (2.30) for black holes, and (2.32) for more 
generic solutions labeled by y. In the canonical ensemble, the higher-spin charges are given 
and their conjugate chemical potentials are solved in terms of them, the boundary modulus 


T, and the holonomy vector 7 
li = uli; T; Qs>2) C= 3N (3.20) 


In the grand canonical ensemble, the chemical potential us>3 are given and the charges of 


the solution are solved in terms of us, the boundary modulus 7, and the holonomy vector ñ 
Qi = Q(T; T; Hs>3) = t= 2,...,N (3.21) 


3.1.3 Boundary action 


Now that we have made a choice of charge/source terms in (az,az), we can solve for the 
boundary action which, when added to bulk action, makes sure that the variation of the full 


action has the correct form of [charge - ô source]. 
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In this derivation, a useful identity is 


Tr [Liaz] = Tr [[Lo, Q]az] = + X (s = D) usQ, (3.22) 


where the first ‘=’ can be proven using the definition (8.15), [a,,az] = 0, [Lo, Li] = — L, 
and the ine nature of the trace; and the second one is proven by oa the aes hand 
side of (8.22) in terms of (8.15) and using [Lo, we] = (s — nwe. And is also 
ae to 


r|azaz] Lena, (3.23) 
The appropriate boundary term is 
k 2 
Ipnay = —=— d“z Tr|(a, — 2L1)az] (3.24) 
27T Jam 


Combining the variation of this boundary term with that of the bulk one (eq. (8.7) with 


3.11) ), one can first read off the spin-2 conserved charges T conjugate to T 
1 : re 
T= s Tr [(az) | + Tr [azaz] — J Tr [(a-) ] (3:25) 
and then write down the variation of the full action (bulk plus boundary): 


ÒT E) lonsheti = e Jrad F TE 


— (nik) f < > (Tör —Tôr + Tr (az — L1)5(—2iryaz)] — Tr [(—āz + L_1)5(—2i7ya,)]) 
— (2rik) (z ôr — T ôT + » (Q: Õlis — Qs sna) 


(3.26) 
where we have restored the A terms. We emphasize that equations (8.22) to (8:26) have 
already been given in for the black hole case; here we have proved that they are valid 
for all solutions in the ‘SL(2, Z)’ family: 


3.2 On-shell action, free energy, and entropy 


For the black hole solution, the free energy and entropy were computed in [27\[51|. In this 
subsection we follow their derivation and determine the entropy and free energy for all the 
solutions in the ‘SL(2, Z)’ family, and more importantly, write them into modular covariant 


expressions. 
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As explained earlier, the variation of the action (bulk plus boundary) should take the same 
form for all solutions in the ‘SL(2, Z)’ family, given by (8.26). However the on-shell value of 
the action depends on how we fill the solid torus therefore is different for different solutions 
in the ‘SL(2, Z)’ family. computed the on-shell action of a non-rotating black hole in this 
sl(N) higher-spin theory. Now we generalize to a generic smooth constant solution labeled by 
y. The key point is to choose an appropriate foliation of the three-manifold M that is regular 
all the way to the center of M (i.e. the horizon), thereby avoiding a boundary term at the 
horizon. In the non-rotating black hole case, the contractible cycle is tg ~ tg + 2r, therefore 
chose a slicing of the three-manifold M by disks with constant angular parameter 4¢, 
and obtained an on-shell bulk action Ie eee = oo Í. am dtdo Tr [arag]. 

Now for the smooth constant solution labeled by y, the contractible cycle is z ~ z + 
2r(cr + d). Go to the coordinate (u, uP) defined as 


E E NE P22 heee Gon 
272 27 
We see as z +> z + 2r (cr + d), 
um u4 +27 and u? u” ; (3.28) 
i.e. uP comes back to itself around the contractible cycle z ~ z + 2r (er + d). Therefore we 


should foliate M with disks of constant u’? and such a foliation remains regular inside the 


bulk; thus we only need to compute the boundary term at the p > oo. 
Expand the connection (a,@) in the coordinate (u^, u®): 
a = a,dz + azdZ = wadu* + wepdu® (3.29) 
where wa /wp is precisely the holonomy matrix around the A/B cycle: 
wa = (cr + dja; + (cT + d)az , wg = (ar + b)a, + (aT + b)az . (3.30) 
Written in term of the coordinate (u^, uP), the connection A is then 


A = A,dp + [b-'wabldu* + [b-wpb]du® = Avdx* + Apgdu® , (3.31) 


where Aadx® = A,dp + Aadu“ is the projection of A onto the disk (with coordinate 2° = 
p, u^); and b = b(p) as defined earlier in (2.4) — not to be confused with the entry b in the 
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matrix y. The bulk action is thus sliced into 
ik 
io = fa P J dodu'® Tr e”? [Ap Fag — AaB Ag] — =| du*du® Tr [wawp] , (3.32) 
poo 


with a bulk integral plus a boundary one. 

Now let’s compute the on-shell value of for a smooth constant solution labeled by 
y. First, the bulk integral vanishes when taken on-shell, following from the bulk equation 
of motion F = 0 and the fact that the solution is constant (i.e. has no (z, Z)-dependence). 
Second, in the boundary integral, since the integrand has no dependence on (z,Z), the 
integration merely produces an overall volume of the boundary torus vol(Q@M) = 47? 
Therefore restoring the right-movers we conclude that the on-shell (Euclidean) bulk action 


for the solution y is 
Fl cae = ~(2nik) 5 Tr [wawe — Wawp! . (3.33) 


Then as explained earlier, different solutions in the ‘SL(2,Z)’ family share the same 
boundary term (8.24). The on-shell value of this boundary action is 


hole 


I le shell = (2rik) 


N 
)= X (8 — 2)(HsQs — AsQs) (3.34) 
s=3 


Combining (8.33) and (8.34) gives the total on-shell action and hence the free energy: 


E E 
—6F = — (Ee E T okada 


N E 3.35) 
=(2rik) k Tr [WAwWg — Wawp| — sb = 2) (ss = na) . ( 


s=3 


Now let’s derive the entropy for generic members of the ‘SL(2, Z)’ family. The free-energy 
should take the form 


N 
-BF = §+2nik (r -TF +Y (WQ, — 1.0.) l (3.36) 


s=3 
We first write down a useful identity 
1 a I - 
3 Tr [ww — wut] = Tr — TF + 5 >, S(UsQs — AQ), (3.37) 


°The volume element of the boundary torus is du“ A duP = ¿dz A dz. 
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with wọ and w; defined earlier in (2.22) and (2.29), respectively. (3.37) can be proven using 
(T,T)’s definition (8.25) and the identity (8.23). Using (8.37) we obtain the entropy of a 


smooth constant solution labeled by y: 
joy Eae — 
S = (271k) 5 (Tr [wawp — wap] — Tr [wgwi — Wge]) - (3.38) 


First, let us prove that the entropy defined by (8.38) is indeed a Legendre transform of 
the free energy (8.35). The method is the same as used in to prove the corresponding 
statement for the black hole case. Since the holonomy around the contractible cycle is trivial, 


the eigenvalue of the holonomy matrix is given by integers hence is rigid, which means 
dwa = (wa, €], (3.39) 


where e€ is an infinitesimal matrix. This implies Tr [a, dwa] = Tr [az dw] = 0, following from 
laz, az] = 0 for constant solutions. Then using the above together with dwg = OWA — * Guy 
we get the variation of the entropy (8.38) as: 


ôS = —(27ik) Tr [wy dwg — Gy dwg] . (3.40) 


Translated back to the thermodynamical variables {T, Qs; T, Us}, it is 


N 
5S = —(2rik) (> ST —7 ôT +Y (us 6Qs — jis 50.) (3.41) 
s=3 
which confirms that the entropy defined by (8.38) is indeed a Legendre transform of the free 
energy (3.35). 
Finally let’s check the modular covariant expression for the entropy in the two special 


cases, the conical surplus and the black hole. In these two cases, the holonomy matrices 
around A/B cycle (8.30) are 


CS: W =ü; + Az, W = Ta; + Taz; 
z i (3.42) 
BH: WA = Ta; + Taz, WB = —Q; — Qz. 
Since 
Wal CS 
WAWB = ce (3.43) 
WW BH 
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and similarly for WaWp, 


0 CS 


—(2rik) Tr [wgw — Wea] = —(2rik) |27 - T7) 4. aid, 7isQs)| BH 

(3.44) 

Therefore indeed reproduces the known result for black hole in and gives a rea- 

sonable answer for the conical surplus. The free energies for these two special cases are 
thus 


S = 


(Tr —T7) +5, (HQs — AQ.) CS 


— BF = (2rik) - 7 E 
—(Tr = TT) ~~ yen (s ~~ Digg. = LsQs) BH 


(3.45) 


4 Conical surplus and black hole are S-dual 


In this section, we prove that any given conical surplus solution can be mapped into a black 
hole under an S-transformation of the modulus 7 of the boundary torus. First, let’s state 
precisely the full action of this S-transformation. The S-transformation is the special case of 
the modular transformation on the boundary torus r ++ 47 defined in (2.19): 


0 -=1 1 
S: =f ): Tro ÎT = —. (4.1) 
1 0 g 


Under this S-transformation, the A/B cycles of the conical surplus solution map to those of 


the black hole: 
A-cycle: z~xz+2r => z~ z +2nT 


(4.2) 
B-cycle: Z~ zZz+2nrT > z~ z— 2r 
This would induce the corresponding transformations on the higher-spin charges Q, and/or 
their chemical potentials ps. 
Recall that in the grand canonical ensemble, once the chemical potentials {us>3} of a 
conical surplus are given, the on-shell values of the charges {@,>2} are solved in terms of jus, 


the boundary modulus 7, and the holonomy vector 7 around its A-cycle (i.e. the ¢-cycle): 
=a T; hs] t= 2a N (4.3) 


via the trivial holonomy condition around its A-cycle. In this section, we will first show 
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that the S-transformation on the boundary modular parameter (4.1) maps the above conical 
surplus to a black hole with the same chemical potential us, the same holonomy vector n 
but along the new A-cycle (i.e. the z ~ z+ 2a7 cycle), and with modular parameter —ż, 
The on-shell values of the charges of this black hole are given by 


1 1 ps 
T 


We emphasize that the function q in and (4.4) is the same one. 

Once is proven, we will then show how the black hole and the conical surplus are 
related by a coordinate transformation (that changes the modular parameter of the boundary 
torus from T to —+). We then prove that the free energy of the conical surplus and that of 
the black hole are mapped to each other via the S-transformation (4.1). Finally we illustrate 
with the example of the sI(3) theory. 


4.1 S-transformation of holonomy condition and on-shell charges 


Since the defining difference between a conical surplus and a black hole is in the holonomy 
conditions around their respective A-cycles, we will derive the map from to (4.4) using 
a map from the holonomy condition of the conical surplus to that of the black hole 
2.30). 

First let us compare the two holonomy conditions in more details. First, from the equation 
of motion for constant solutions (2.13), a, and az of a constant on-shell configuration can 
be simultaneously diagonalized. Therefore, the vector of eigenvalues of the holonomy matrix 
(wy for the conical surplus and w; for the black hole) has a decomposition in terms of vectors 
of eigenvalues of az and az: 


CS: = A (wg) = A (a, + az) = A (az) + A (az) 


(4.5) 
BH: A (wz) = A (ra, + Faz) = T A (az) +7 A (az) ; 


since in computing e.g. A(a,+ az) by (2.23) we can choose U to be a unitary matrix that 
diagonalizes both a, and az. Recall that a, is the function of charges {Q,} only, as defined in 
3.15); and az is a function of { us, Qs} and the modulus 7 as defined via (2.14) and (8.19) 


az =a: [Q], “Geach: us; Qd, (4.6) 


10We emphasize that, just like az, az has exactly the same functional form for conical surplus and black 


hole. The crucial reason is that what is responsible for the thermodynamics is the modulus 7 instead of the 


at+ 


modular parameter 45 in the homology basis of (A-cycle, B-cycle). 
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using which we can write the two holonomy conditions as 
CS: im=A(we lr; Ms; Qs]) =A (a: [Qs]) +A (az |T; Hs; Qs) ; (4.7) 
BH: in=A(wr[T; Hs; Qs)) =7 A (a: [Qs]) +7 A (az[7; us; Qs) - (4.8) 


To further compare the two, we now rewrite into the form of (47). First, let’s look 
at the a, part. A crucial observation is that, in the highest-weight gauge, for any « € C: 


k- K” a, [Q] K = a, [K Q] . (4.9) 


which follows from a,’s definition in the highest-weight gauge (8.15) and the e 
relation [Lo, we yl = {s= 1)w®? +1; Relevant to the present case, we set K = T in and 
obtain 

T- T™ az [Qs] 1T™ = a; [rQ] . (4.10) 


Taking the vectors of eigenvalues of both sides then immediately gives 


T A (az [Q;]) = A(az[7°Qs}) . (4.11) 


Then we look at the az part. The identity does not have an analogue for az, but 
the special case (4.10) with k = 7 does: 


1 Us 
T- T™ az[r; Mss Qe] 7 = az -4 Es, rQ. (4.12) 


Note that from 1.h.s. to r.h.s. the variables of az transform as: 


1 s 
T —> A, [ls — E Q: => T° Qs. (4.13) 
T 


TS 
The proof of (4.12) takes two steps. 


1. Going back to (2.14) to rewrite az in terms of only c, and Q, (i.e. without the modulus), 
and then using (4.10), we have 


rotten Q] re = Se EEE Te, proye MEO] rg 


2. Recall that the relations between {0,52} and {7; Hs>3} are given by the (N — 1) equa- 
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tions in (8.19). This implies the following identity, which we will prove in Appendix [A} 


. N 
t 
Ss pp 0). 4.15 
o, = z) ue Hys(Q) (4.15) 


s/=s 


where H,_.(Q;) is a homogenous polynomial (with rational coefficients) of degree- 
(s! — s), with variables Q; having degree-t. Using that T> > pe under T +> —ż, we 
see to get the transformation of the variables in (4.12), we need the following 
transformation of (os, Qs): 


ast rP”, Qs — 7°Qs. (4.16) 
Ts 


Namely, the r.h.s. of (414) is preciely az [-+; Es. T°Qal; which proves (4.12). 


7) T5) 


Computing the vectors of eigenvalues of both sides then gives the analogue of (4.11): 
= 1 Hs 8s 
7 A(az[T; Hs; Qs]) =A | az |->; =; TQ] ). (4.17) 
T 


Having proved (4.11) and (4.17), we can now plug them into the holonomy condition for the 
black hole and recast it into the form of conical surplus’ holonomy condition (4.7) but 
with transformed variables: 


ika ne OB) =A (uy -4 Hs. Q.) l (4.18) 


Equivalently, if we take the holonomy condition of the conical surplus (4.7) and apply on it 
a change of variables defined in (4.13), we arrive at the holonomy condition of the black hole 
4.8). 

In the proof above, we have adopted the passive viewpoint of transformation and shown 
that the conical surplus and black hole are mapped to each other via a passive change of 
variables (4.13). Now we need to translate this into the active viewpoint. To compare 
the two solutions, we place them into a common grand canonical ensemble: with common 
temperature and chemical potentials, and ask how their conserved charges are mapped into 
each other. 

In the grand canonical ensemble, once the chemical potentials {4.53} are given, the 
charges {Qs} are fixed by the holonomy condition around the A-cycle to be a function of 
{7i; T; us}. The relation between the holonomy condition of the conical surplus and 
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the black hope then implies the following relation between their charge icons 
cs > Bu 1 
E = q (NM; T; ps] gs a) Cee, t=2,...,N. (4.19) 


The function q|; T; us| should be considered as defined using the charge function of the 


conical surplus solution. 


4.2 Coordinate transformation between conical surplus and black 
hole 


From the mapping (4.18) (or equivalently (419)) together with (4.10) and (4.12), we see 
that the gauge field components (a,,az) of a conical surplus and those of its S-dual black 


hole are related via: 


(4.20) 


To further compare the two, let us rescale the coordinate of the conical surplus. Changing 
the coordinate while fixing the gauge components (a,,az) gives a different gauge one-form. 


Under the rescaling of the coordinate (z, Z) 
z= A =. (4.21) 
T T 
the gauge one-form a transforms as 


a” = a dz + azdZ +> a77) = a,dz' + asd’. (4.22) 
The one-form a of the conical surplus in the new coordinate (z’, 2’) is then related to that 


of the black hole in the original coordinate (z, Z) only by a similarity transformation: 


(2',2') 
a G e g = r BA i. r; peP r. (4.23) 
e 

‘1Here we emphasize that the relation should not be confused with the last part of the (4.13). 
The substitution Qs => 7°Q, is part of the passive field redefinition accompanying T +> -ż4; whereas the 
relation (4.19) is a bona fide change of the on-shell value of the charges (in the grand canonical ensemble). 
The substitution rule implies, rather than contradicts, the map (4.19). We will discuss this point 
again from the point of view of the boundary CFT, in Section 
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Similarly for the right mover: 


(2',2') 
1 s = ZZ) = 
a” G —>; g = 7E aP f; r: MAK 7) zbo, (4.24) 


Going back to the gauge connection (A, A), related to (a,@) via (2.4), we see that the 
similarity transformation in (4.23) and (4.24) can be reabsorbed by a simultaneous shifting 


of the radial coordinate p accompanying the rescaling of (z, Z): 


(4.25) 


Wl 


prop =pt+ln|rl, ee ae Zro7= 
T 
Namely, in terms of 
A22) = e Pho q?) epLo + Lodp and A22) = eTe Lo gZ’) ep’ Lo + Lodp' (4.26) 


(and similarly for A) the full gauge one-form (A, A) of the black hole with parameter 
{7i; T; us} in the original coordinate (p,z,Z) is identical to that of the conical surplus 
with parameter {7; —+; “} in the new coordinate (p’, z’, 2’) up to an overall constant gauge 


transformation: 

-h= APA TR T; pP , 
. 7 1 u (0',z',2') . 7 E (4.27) 
h-*. ASS G —=; g Fu ae a le 


T° Ge 


with h = (7)? = e t#s(7)L0. This means that the conical surplus and the black hole differ 
only in the global structure. This is the analogue of the spin-2 story: in the spin-2 case, the 
BTZ black hole can be mapped by a coordinate transformation into a thermal AdS with 
modular parameter —+ (instead of 7). They are both discrete quotients of the AdS3; thermal 


AdS; with parameter 7 whereas BTZ with parameter —+ [56]. 


4.3 S-transformation of free energies 


We have just proved that the S-transformation T > —+ maps a conical surplus with param- 
eter {7;7; us} (holonomy vector around A-cycle, boundary modulus, chemical potentials) 
into a black hole with the same set of parameters {ñ; T; 4s}, and that the on-shell value of 
charges Q, is mapped via (4.19). 


Now, between this S-dual pair of a conical surplus and a black hole, if we know the free 


26 


201708.00145v1 


chinaXiv 


energy of the conical surplus, as a function of parameters {7;7; us}: 
F =F [iy T; pels (4.28) 


what can we say about the free energy of the black hole? In other words, how does the free 
energy of the conical surplus change under the S-transformation? 

To answer this question, we first need to compare the free energies of the two solutions. 
We have written down a few expressions of the free energy in Section 8.2] For instance 
the free energies in were written in terms of thermodynamics variables {T, Qs; T, Hs}. 
However, the most ei condition in defining an S-dual pair is that the two share the 
same holonomy vector 7, around their respective A-cycles. Therefore we should instead start 
with the general expression (3.35), and then use to restrict to the conical surplus or 
the black hole, then finally rewrite the expression in terms of {ñ; T; Hs; Qs}. We now do 
this separately for the conical surplus and the black hole. 


4.3.1 Conical surplus 


Now let us first rewrite the free energy of the conical surplus in terms of {ñ; T; us; Qs}. The 
general expression for the free energy (8.35) plus give the free energy of the conical 
surplus to be: 


N 
—~BF° = (2rik) ji Tr [wgw — wgw] — Ie — 2)(uUsQs — n) ; (4.29) 
s=3 


with wọ and w; defined in and , respectively. 


First, using 


Qs= 5 [(az)?] and Tr [azaz] = 5 ShsQs , (4.30) 
we have 
49 
= Tr [wg] = = TQ2 zg ap 5 Shs Qs TR pa Me z) ’ (4.31) 


where 7; = Rer. The last term in is not immediately defined in terms of the parameters 
{ñ; T; usi Qs}. However, recall that for the conical surplus, the holonomy matrix wg, with 


A (wg) = i ñi labeling different solutions, contains a Tr [(az)”] term: 


. oN Aa 
-iesit = Ot sng + HE, (4.32) 
s=3 
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Therefore (4.31) and (4.32) together give an identity 
1 n2 g 
5 Tr lwo” = -77+ 2inQe — 5 >, TER (4.33) 


using which (and its right mover counterpart) we can rewrite the free energy (4.29) of the 


CS solution in terms of {7; T; Hs; Qs}: 


>92 N 
— BFS = rik 2ira( > +Q2 + Qo) — 5s — 1) (usQs — PEAD . (4.34) 


s=3 


The set of parameters {7; T; Hs; Qs} transform covariantly under modular transformation. 
However, this is not yet the last step. Since the free energy is in the grand canonical ensemble, 
we should consider its variables to be {7; 7; us}, and replace Q, by its function of them. 
Plugging the charge function for the conical surplus (4.3) into (4.34), we get the final answer 


for its free energy 


=) 
—BF° =2nik| irs (5 + [7s T; us] + pli; 7; 2) 
N (4.35) 
— X (8 — 1) (sgol; T; ps] — Bodelit; 7; 16) | = —PF|ñ; T; ps]. 
s=3 


In the last line we have used this result of the free energy of the conical surplus to define 
a ‘free energy function’ F[7; T; us|, which will be used later to relate to the free energy of 
other solutions in the ‘SL(2, Z)’ family. 


4.3.2 Black hole 


The black hole case is completely parallel. Applying (8.43) to the general expression (8.35) 
gives the free energy of the black hole: 


=gpFPH = (2rik) (= Tr [wgw = digi] a ; WE _ 2) (UsQs = 1.0.) G (4.36) 


s=3 
The first term involving $ Tr [wgwi — @4@;] can still be rewritten using (£31). But since the 


topological charge ñi is given by the holonomy along the t-cycle instead of the ¢-cycle, (4.32) 
should now be replaced by 


des 1 a 
= = a Tr [(w:)?] = 7°Q2 + —— 


- (4.37) 
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which gives rise to the identity (the counterpart of (4.33)) 


1 721 Qir ee 
T BH | +22, — Q|. 4.38 

2 r [wows] ( 27 F me Qe 2 a Q ( ) 
Using this the free energy of the black hole can be written in terms of modular covariant 
quantities {ñ; T; Hs; Qs} as 


2iT2 T 


N 
Spr x onik | r o "PQ, +P? Q2) — X (8 — 1)(usQs — z . (4.39) 
s=3 
Similar to the conical surplus, we should now replace Q, by the charge functions of the black 
hole, given in (4.4), and thereby obtain the free energy of the black hole as a function of 


{n T; lk 


Qt. [W 7 _ s 
BFP al z (5 q2 G = g +42 k Z; Hs) 
N (4.40) 
> l us| Bs_ | Ls 
= Ye- 1) (Sa fe = He] — Pea, fa; - l) 
= S T TS TS TS 


4.3.3 S-transformation of free energies 


Now we have the free energy of the conical surplus and that of the black hole (4.40), 
each written explicitly in terms of {7; T; us}. Comparing with (4.40), we conclude 
that the S-transformation between the free energy of the conical surplus and that of the 
black hole is the following 


l Hs 
FS = F (n; T; is] = FPE = F G =^; J . (4.41) 
Similar to the charge function (4.19), we can consider the function F [7; T; us| to be defined 
by the free energy of the conical oe The relations and (4.41) show that the full 


S-transformation in the grand canonical ensemble ee is: 


1 s 
S-map in GCE: Th —, ls — a (4.42) 
T 
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4.4 Example-1: N = 3 case 


Now let us illustrate what we have proven so far with the simplest example: s!(3) higher-spin 
theory. 

First, to write down a, from (3.15) we need to specify a specific representation of Lo +1. 
We will adopt the one used in [20], namely 


ja 


N as 1 — 2m 
(Lol = -n Orito 


oe mn = +y |(n— 1 — ae 


Once Lo,+ı are chosen, we can use (2.10) to write down all the We (S23) Th this representation, 
a, is 
-= L > TEA (4.44) 
Then take (2.14) and solve {02,03} using (8.19) we get 
a 
02 =0, 03 = — H3. (4.45) 


2T 


az = ns G = Tea, ) ; (4.46) 


So az is simply 


Note that for N > 4, a, is no longer simply Sols but in general involves a non-trivial (i.e. 
# 1) homogenous polynomial of Q, as given by (4.15). We remind that the expressions of 
a, and az as given in and are valid for all members of the ‘SL(2, Z) family. 
However the charges Q, are determined in terms of the chemical potentials via the holonomy 
condition (2.34), which is different for different solutions (labeled by y). 

First let’s look at the conical surplus. The holonomy condition along the ¢-cycle ((2.24) 
and (2.22)) is equivalent to the following two equations 


Tr [(a, +az)?] =-2n?, = Tr[(a,+az)*]}=0,  withneZ (4.47) 


where we have used ñ = (n,0, eT Now let us use (4.47) to solve {Q2,Q3} in terms of T 
and u3. (4.47) is a pair of coupled algebraic equations, one quadratic and one cubic; therefore 
{Q2,Q3} has an algebraic expression in terms of {7, 43}. However they are rather long and 
not very illuminating so we instead provide (the first few terms of) their power expansion in 


terms of u3, which is enough to show the S-map between this conical surplus solution and 


12The solution with chemical potential turned off (i.e. 43 = fiz = 0) is the conical surplus defined in [20]. 
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the black hole: 


7 = —n® fi — 502+ Pat- iag Eat. | = Goin, re pis) 
3 3 27 81 (4.48) 
cs 3 | 2 40 a 34 , 848 7 aa, Hee 
7 =n ža- Fa eg = l = q3|7t; T; ps]. 
with l 
a = n— pu (4.49) 


272 

In the last step we defined the function q, using the charge function of the conical surplus. We 
could then plug the exact solution into to write down the exact free energy. However, 
since the expression is too long and not very illuminating, we again content ourselves with 
an expansion: 
w(t + a*) — alo" + a®) + = (a + a8) +-- l 

(4.50) 
Now we turn to the black hole. The condition that solves {Q2, Q3} is now the holonomy 


1 
-BF = 4rk -n?n |1-— zla? + a?) + 


condition around the cycle z ~ z + 2mT: 
Tr [(ra, + Faz)?] = —2n?, Tr |(ra, + Taz)*| =0, with neZ. (4.51) 


The case with n = 1 gives the higher-spin black hole first constructed in [21]. Now we write 


down the solution {Q2,Q3} for generic n, in a power expansion of u3: 


27 5, 10,, 2216 1802 
pu 7 ly — 36? + 3! 98 + =F +. |, 
e| 3° "3 27 81 eS 
; 
Bit | E a gs re. 
with ne 
jeg (4.53) 


2T T3 f 
Comparing and (4.52) together with and (4.53) thus immediately shows QP! = 


tqs (ñ; —4; £s] hence confirms the relation (4.19) that we have proven earlier. Finally we 


compute the free energy of the black hole and write down its power expansion here 


1 = 10 = 17 = 106 z 
BFP = ankn. fi- Lega p) Pepe a. go- gge sa. 
(4.54) 
This is exactly the S-transformation (4.42) of (4.50). 
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5 SL(2,Z) family of smooth solutions 


In this section we will show how to generate an “SL(2,Z) family” of smooth solutions with 
higher-spin charges. The construction is a generalization of the spin-2 case, which we briefly 


review in Appendix 


5.1 Solution 


In the spin-2 case (i.e. pure Einstein gravity with a negative cosmological constant), all 
BTZ black holes can be obtained from the AdS3 space via modular transformations of the 
modulus of the boundary torus (which induces a large coordinate transformation) plus a 
local coordinate transformation. In the sl(N) higher-spin gravity, let us start with a conical 
surplus solution and apply the full modular group PSL(2, Z). 


Under a modular transformation on the boundary torus 


b b 
a= (' € PSL(2,Z) : = a (5.1) 
c d 


the A/B cycles of the conical surplus solution map to: 


A-cycle: z~ z+2r — z ~ z+2r(cr +d) (5.2) 
B-cycle: Zr z+2aT > z ~ z+2r(ar +b) 
The holonomy matrix around the contractible cycle should now be 
wa = (cT + d) az + (c7 + b) az (5.3) 
which for a smooth solution should be: 
A (wa) =in (5.4) 


with 7 satisfying (2.26). Let us label this new solution by y. 

Now, if we start with a given conical surplus with parameter {7;7; us} (holonomy vector 
around ¢-cycle, boundary modulus, chemical potentials), and whose charge function is known 
to be given by (4.3), what can we say about this new smooth solution labeled by y? Again, 
since in this theory a solution is defined by the trivial holonomy condition around its A-cycle, 
the answer must lie in a comparison between the holonomy condition of the conical surplus 
and that of the solution y. Therefore we follow the strategy used earlier (in Section [4.1] 


in proving the S-duality between the conical surplus and the black hole: we first recast the 
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holonomy condition of the solution y into the form of that of the conical surplus to facilitate 
the comparison, then we infer the transformation rules from this comparison. 
The conical surplus with parameter {7;7;1;} is defined by the equation (4.7), but we 


now write it again for the ease of comparison: 


OS: =A (wlr; ms Q:]) = A (a-[Q]) + Alas [rs Hs; QJ), (5.5) 


whereas the new smooth constant solution with the same set of parameters {ñ; T; 4s} and 
labeled by y is defined by 


y iR=A (wa lr; Hs; Qs]) = (cr + d)A (az [Qs]) + (c7 + @)A(azI[r; us; Qs])- (5.6) 


(We remind that in both cases, Q, can be solved in terms of {7i;7; us}, using (6.5) and (.6), 
respectively.) To cast (6.6) into the form of (6.5), let us rerun the argument in Section [4.1] 
First, the pair (4.10) and (4.12) now generalize to 


(er +d): (er + d)™ a, [Q,] (er + d)-™ = a, [(er + d)*Q,] , 

(5.7) 
(c= +d) + (er +d)" az[r; fis; Q] (er +d)™ = az lĝr; eo (cr + d)°Q, 

The first identity in (6.7) comes from setting x = cr + d in (4.10). To prove the second 
identity, we again repeat the argument of the S-transformation. First, (4.14) should now be 


generalized into 


(cr +d) (cr +d) az[o.; Qs] (cr + d)-™ 


CT \Poar r(a, [(er s . si 5.8 
S canals z+ 4 ‘later sapo - BAr TN (5.8) 


s=2 


Second, (4.15) still applies (note the presence of T> instead of the imaginary part of the 
modular parameter arib), The only difference is that, now from l.h.s. to the r.h.s. the 


variables undergo the following transformation: 


` aTr +b ls 
T — 4T = —— s m ——_., 
q H (cr + d)s 


cr +d’ Qs — (cr +d)°Qs, (5.9) 


of which (4.13) is merely a oe case with y = C a Accordingly, the transformation 
in terms of (cs, Qs) analogous to (4.16) should be 


Os 


Os =>> icy 


Q: — (er + d)*Q,. (5.10) 
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atib ) Namely, the r.hs. of (8) is preciely 


ct+d* 
az lar; m (cr + HO: which proves the second identity of (5.7). 

With proven, evaluating the vectors of eigenvalues of both sides of (5.7) then gives 
the generalization to the pair (4.11) and (4.17): 


(We have used m +> large under T +> 


(cr + d) A (az [Qs]) = A (az [Cer + d)°Qs)) 5 


(oF +d) Alas lri me; Qa) =A (as [ors Es ere) 


(cr 


(5.11) 


Having proved the pair (5.11), we can now use them to rewrite the holonomy condition 
of the solution y into the form of the conical surplus: 


(t= Neale ns QD =A (w [irs A er tava]). E 


[ls 
(cr + d) 
Namely, the solution y can be generated by a passive change of variables on the conical 
surplus. 

In order to sum over the contributions from all members of the ‘SL(2, Z)’ family to the full 
partition function, we need to place all the solutions in a common grand canonical ensemble, 
with common temperature and chemical potentials. This requires us to switch to the active 
viewpoint of the transformation, i.e. we hold {7; T; us} fixed and ask how the conserved 
charges Q, transform. Comparing (6.12) with the holonomy condition (6.5) of the conical 
surplus we conclude that for given {7; T; us} the on-shell value of the charges Qs of this new 
solution y is related to that of the conical surplus via: 

Pag; a) = = at O 7 Gage 

(5.13) 

To summarize, we have proved that starting with a conical surplus with parameters 
{7i;T; us} (holonomy vector around ¢-cycle, boundary modulus, chemical potentials), the 
transformation maps it into another smooth constant solution with the same chemical 
potentials {4u,}, whose holonomy around the new A-cycle z ~ z + 27(cr + d) is trivial and 
is given by the same vector ñ, and whose on-shell values of charges are given by 

1 Ls 


solution y: Ql = la aay Ti; ÂT; | 


———§!__ $=2,...,N. 5.14 
(cr +d ct +d) a ot) 


where q is the function defined by the charge function of the conical surplus as in (4.3). 
Then as y runs through ’,\I, we obtain a ‘SL(2, Z) family of smooth constant solutions 


with a common set of {7; T; us}; their only difference is in the choices of their A/B cycles 
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which in turn give different on-shell values for the charges as given by (6.14). Within each 
such ‘SL(2, Z) family (labeled by {7;7;u,}), all except for the one with y = (; o) (i.e. 
the conical surplus) are higher-spin black holes (since their A-cycles all have t-direction), in 


complete parallel to the spin-2 case. 


5.2 Reasoning from dual CFT 


Let us see this from the dual CFT side, borrowing the argument from [55]. In the CFT 
side, switching on the chemical potentials u, of the higher-spin charges can be accounted for 


perturbatively by adding an irrelevant perturbation to the action 


N 
dz 
Scrr > Scrr+ >| i (usW)(z) = c.c.) . (5.15) 


s>3 


Correspondingly, the partition function (8.1) is equal to the torus amplitude in the CFT 


side: 


ril SX dz W(s)(z)—c.c. 
J= (e Ehn EEWO eee) (5.16) 


The volume element -— should be invariant under a modular transformation; therefore 
the modular transformation (2.19) induces a transformation of the coordinates: 
r ar +b z 


T= ÎT= => z= = 
A Td cT +d 


(5.17) 


In the highest-weight gauge we are using, the spin-s field W“*)(z) is a Virasoro primary of 
weight-s, therefore under (5.17) 


W)(z) = W2) = (er + dW (z). (5.18) 


Namely W“)(z) has weight-s under both conformal and modular transformations [55]. First 


this means that Q, = £2W)(z) also transforms as 


Qs —> Qi, = (cr + d)*Q,. (5.19) 


Second the invariance of the integrand implies that the chemical potential us transforms as 


1 
Us =—> u, = / (5.20) 


CT + ash f 


The maps (5.17), (6.19), and (5.20) together are precisely what we have shown earlier in 
5.9) to be the required change of variables (in the passive viewpoint of the transformation) 
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to map the conical surplus to the solution y. 
Finally we make a comparison between the transformations in the passive viewpoint and 

the active one. In the passive viewpoint, one applies the following change of variables: 
ar +b Ls 


Pee es Pe ord’ / (cr +d)*’ 


Q: — (cr + d)*Q,. 
(5.21) 
We have adopted the passive viewpoint in the proof of the mapping between different mem- 
bers of solutions under the modular transformation. Once the mapping is established, we 
switch to the active viewpoint in order to place all solutions in the ‘SL(2, Z) family in one 


grand canonical ensemble: 
active: {ñ; T; us} fixed, 


1 
s = qs |"; T; Mr = s |f; ĵT; 
Qs = qs (7; T; Hr] — Q ye |i 


5.3 Coordinate transformations between members of ‘SL(2, Z)’ fam- 
ily 

In Section we proved that a black hole with parameter {7; T; us} can be mapped to 

a conical surplus with parameter {7; —+; “} via a coordinate transformation (see (£27). 

The generalization to the full ‘SL(2, Z)’ family is immediate. 


First, the gauge field components (a,,az) of a conical surplus and those of solution y are 


related via: 


avs F is cow F| = (cr + d) : (er +d) a? fit; T; ps] (er +d)”, 

5 (5.23) 
aŞ5 | a; 47; e a (cr +d): (er + d)™ a} (ti; T; us] (cr +d)”. 

(cr + d)’ 


Similar to the S-dual case, we apply a coordinate transformation to the conical surplus: 


Zrowm= 


2 
=> p = l d m t= , : 
CaP pete art cr+d aT+d 


(5.24) 


With the gauge component (az, az) kept fixed, the one-form a and A in this new coordinate 
are 
a@)” = adz + asdz7 ; APZ = eP Log? op ho 4 Lodp” ; (5.25) 


and similarly for @ and A. The gauge one-form {a,ā} of the solution y with parameter 


{7; T; us} in the original coordinate (p, z, Z) is related to that of the conical surplus with 
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parameter {7; YT; 78s} but in the new coordinate (p, z, z)” via: 


(2,2)7 i 
- j PT T = (er +d) a" fii; 7; ps]? (er +d)”, 
(5.26) 


(2,2)7 g 
" j A e = (c7 + d) Ea i; T; pag]? (CF +a)”. 


The full gauge one-forms (A, A) of the solution y with parameter {ñ; T; us} in the orig- 
inal coordinate (p,z,Z) is then identical to that of the conical surplus with parameter 
IR AT: ee but in the new coordinate (p, z,Z)7 up to an overall constant gauge trans- 
formation: 

a is m (p,2,2)7 Hien 

hy A k ae 7| hy = ATA T; u)”, 

- (5.27) 

ñ—1, JCS Ls el q (p,2,2) 
hy -A [i AT; ~ “hy AY |h; T; ul 


with 


zid Žo 
Î, = (==) (5.28) 
This means that all constant solutions in the SL(2, Z) family are locally identical: they are 
all discrete quotients of the SL(N, R) @ SL(N, R). Explicitly, for constant solutions, the 
connection A in the gauge can be written as A = g~'dg with g = e**+?%b € SL(N, R) 
and b = e°% [59]. Since for the solution y, the space has a B-cycle (z, Z) ~ (z + 2r(ar + 


b), Z + 2r (a7 + b)), g” satisfies 


g” ~ (bHolp(A7) 6) - 97, (5.29) 
where Holg(A7) is the holonomy of A? around the B-cycle: 
Holp(A7) = b-'e?™8b (5.30) 
with 
wih = (er +d)-™- | 4raS |n; 47; a e|.& At as® |ñ; 47; ee (cr +d). 
Z [? "(er +d)s Z [? °? (er+d) 
(5.31) 


using the definition (2.35) and the relation (6.23), and similarly for the A sector. Namely, 
the solution y is the quotient of SL(V,R) by a matrix that is given by the holonomy of A7 
around the B-cycle conjugated by ae For fixed {7, us}, the matrix (b Holg(A7) b~') is a 


13Note that although the holonomy Holg(A7) has an explicit p-dependence, its eigenvalues do not. In 
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representation of a point in P,,\I. 
This is the analogue of the spin-2 story: in the spin-2 case, a solution y in the ‘SL(2, ZY 
family can be mapped by a coordinate transformation into an AdS3 with modular parameter 


art? (instead of T). All these solutions are discrete quotients of the AdS; space by elements 


of SL(2, Z) [516]. 


5.4 Mapping of the free energy 


Recall that the free energy of a conical surplus and that of its S-dual black hole are related 
by (4.41). Now we generalize this mapping to the entire ‘SL(2, Z)’ family. Different members 
of the ‘SL(2, Z)’ family share the same holonomy vector 7, around their respective A-cycles. 
Therefore although we have a number of different expressions for the free energy, the one 
we should use to study the mapping under a modular transformation is the one written 
explicitly in terms of the holonomy matrices, and in a form universal across the ‘SL(2, ZY 
family — the expression (3.35) is ideal for this purpose. 

Within a ‘SL(2,Z)’ family, all members share the same {7; T; us} but differ in their 
modular parameters y and hence their charges Q7, as given in (5.14). To obtain the mapping 
between the free energies of different members, we first need to rewrite (8.35) in terms of 
only T; us} and y. Since we already know that the charges Q? for different y are related 
via , we will first rewrite (8.35) in terms of {7; T; us; QZ} and y. 

o 


= Tr [wawp] =(at + b)(cr + d)Q? 4 TEE ENE TES a9, 


ar = (5.32) 
T _\2 
+ (OF) er + gee Me) 
and 
erat 7] =( +apqy+ teeta 5 oy 4 tH" [(az)?] , (5.33) 
5 = 5 WA = CT 2 IT a. SUs s 9 r | (Gz , : 
we arrive at an identity 
Lij |= Pary ite di ——_ (cr + d)’Q3 — D; Q? (5.34) 
2 r |WAWB] = ae cr Tap CT Mss 5 $ 


(6.29), the conjugation by b serves to remove the p-dependence and extract the information on the eigenvalues 
of Holg (A? ) È 
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which immediately allows us to rewrite the free energy (8.35) in terms of {7; 7; us; QI} 
and q: 
217. Ë 


N 

—BFY = 2nik (ap eT (cr + d)’Q3 + (c7 + o = Bi —1)(usQT — jisQ2)) 
(5.35) 

Then recall that Q7 depends on {7; T; us} and y via (5.14), we obtain the expression of the 


free energy in terms of {ñ; T; us} only: 


2 ni? sS lls 
— BEY = mik (Et a la; m H] +a la a; E 
ler + CT (cT + d)s 
~ u u ji ji 
—_ =f h h n; 47; 2 = eG, fi: 7, —-—_ |. 
de=1) (= +d! G 1 Ter 7| CETIM i 1 ey 7l) 
(5.36) 
Comparing this with (4.35), we obtain the map between the free energy of the conical surplus 


and that of the solution y; 


F le r; p| = F [B; T; us] <> Fri T p) =F G AT; | = (5.37) 
This proves that different solutions y in the ‘SL(2, Z) family share the same form for their 


free energies, and they can all be obtained by applying the following transformation 


aT +b fis 


modular transformation in GCE: T —> IT = — s. => ———_ 
 or+d m (cr + d) 


(5.38) 


on the free energy of the conical surplus. 
Recall that in the spin-2 case, the metric of the solution labeled by y in the ‘SL(2, ZY 


family can be brought into the metric of the AdS; with modular parameter 47 = — 


(instead of 7) via a coordinate transformation. Since the on-shell action should be invariant 


under the coordinate transformation, the free energies of the solution y and the AdS; is 


at+b 


necessarily related by the modular transformation: Ffr] = Fets [att 


FBTZ[7] = FASS: [—+]. 


The non-trivial part of the story is in the construction of the full action (including 


], and in particular 


boundary terms) whose Euclidean on-shell action (hence the free energy) is invariant under 
coordinate transformations. Now we have seen a complete parallel in the st(N) Chern- 
Simons theory. As shown in Section different members of the ‘SL(2,Z)’ family are 
related by the coordinate transformation (5.27), therefore the mapping between their free 
energies not only confirms the mapping between different solutions via and 


5.27), more importantly, it provides strong evidence that the thermodynamics that we 
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derived in Section B] is consistent and applies to all members in the ‘SL(2,Z)’ family. We 
regard this as a much more non-trivial result than the mapping of different members at the 


level of solution. 


5.5 Modular invariant full partition function 


The full partition function should include contributions from all saddle points. Let us first 
classify all classical solutions known to us. First, for each holonomy vector 7 satisfying 
there is a ‘SL(2,Z)’ family of solutions constructed earlier in this section. Using Z = e~°" 
and (6.37), we see that the contribution from each member y is an image of the modular 


transformation (5.38) of the contribution from the conical surplus: 


ZI ir; pg] = ZS |yr, —A_] . 5.39 
wT; Ms] = Za Lin Caw. (5.39) 
For given ñ, we should first sum over all members within this ‘SL(2, Z)’ family, which consists 


of all the modular images of the conical surplus: 


Ail So Zia >. 2. lan = . (5.40) 


yeToo\P ET oo\P 


So far this is in complete parallel to the spin-2 case studied in [8|[57|. Now comes the major 


difference: we should also sum over all distinct 7 satisfying (2.26): 
Z lretidl= > Zel u- (5.41) 


This expression is manifestly modular invariant. After the appropriate regularization, one 
can then use it to extract the phase structure of the full theory. For instance, the (infinite) 
sum over 7% might smear out the Hawking-Page transition, as argued in [58]. We leave this 


to future work. 


6 Discussion 


The goal of this paper is simple: in the three-dimensional asymptotically AdS3 space, we 
want to generalize the construction of the ‘SL(2,Z)’ family of solutions from the spin-2 
gravity to the higher-spin gravity. We achieved this in the sI(N) Chern-Simons theory. The 
main results have already been summarized in Section [| now we end with a discussion on 


the main difference of the higher-spin theory from the spin-2 one. 
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In the spin-2 theory one usually works with the metric, and under a modular transforma- 
tion of the boundary torus the mapping between different solutions can be written in terms 
of the coordinate transformations of the bulk metric. In the higher-spin theory, the metric 
(more precisely the line element ds”) is no longer a gauge invariant concept therefore would 
not be suitable for a discussion on the modular property. However, as we have seen, the 
gauge connection in the Chern-Simon higher-spin theory is actually more convenient for the 
study of the modular properties than the metric in the spin-2 gravity. 

First of all, the defining equation of a smooth solution (the trivial holonomy condition 
around its A-cycle) is manifestly modular covariant, i.e. a passive change of variables (5.9) 
directly maps it into the defining equation of another smooth solution, as shown in (5.12). 
Moreover, the free energy also has an expression that is universal for all solutions and 
using which one can arrive at a modular-covariant expression (6.36). For the entropy, we 
have also derived an expression that applies to all members of ‘SL(2, Z) family. 

Finally, we finish with a proof of the modular invariance of the integrability condition 
of the theory, and with it a discussion on an important difference between the ‘canonical’ 


formalism and the ‘holomorphic’ one. 


6.1 Modular invariance of integrability condition 


The existence of the free energy formula guarantees the following integrability condi- 
tion 
dQ; _ OQ: oT _ oQ; 
Jie Opts” Os OT” 
for all members of the ‘SL(2, Z)’ family, i.e. the relations (6.1) should be modular invariant. 


However, it is instructive to see how it works in detail. This not only serves as a non-trivial 


s,t=3,...,N, (6.1) 


consistency check for our construction of the ‘SL(2,Z)’ family of solutions; it will also be 
used later when we compare with other discussions of the thermodynamics in this theory. 

To show that is modular invariant, we compare the relation for a conical surplus 
with that of a generic solution labeled by y, and show that the latter can be obtained by 
a modular transformation (5.38) of the former. First, let’s start with the first condition of 
(6.1). When the solution is a conical surplus, we plug (43) into (6.1) and obtain 


ou Hr] = Bu.” Hr] : (6.2) 


(In this proof we omit 7 since it stays invariant under modular transformations.) Then for 
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a generic solution labeled by y, plugging in (5.14) and aang 


OQ Ls be 


= ayes ae a 6.3 
Ou, (cr + d)st+* On, ue (cr + T , (6.a) 
we get the integrability condition to be 
qs ^ Hr On a Hr 
; — pe a 6.4 
OL fr; (cr + T us ` (cer + T i (64) 


which is precisely the modular transformation (5.38) of the integrability condition of the 
conical surplus (6.2). 

The second condition of is slightly harder since it involves T, which is not modular 
covariant in itself: for a generic solution labeled by y, T is 


1o fe i f uma  FT+d Bi 
T= j | ee oa eee 6.5 
(cr + d)? 5 nth i na — cr+d(cTr+d)] E 
where the variables inside the function q is (47; To. However as we will now show, the 
integrability condition involving T is nevertheless modular invariant. First, for the conical 
surplus 5 3 
F d2 i 
= r 5. 2slio Mr]; 6.6 
Fi, a I+ 57 Gslr Hel (6.6) 
with G, defined as 
= On 
Gs|T, Hr] = Sds |T, Hr] ar D t Ht Bu.” Lr] ’ (6.7) 
t=3 s 
and the integrability condition is 
oq i qs 
5. r 5—Gs|T; Mr| | — => |T, Mr] = O- 6.8 
(Str tel + Eglu) = SEE (6.8) 
Now for a generic solution, aE becomes 
OT 1 92». Hr ierta) args fir 
Ous (cr + d)?ts (> [e (cr + Md = 272 G57 (cr + T (6.9) 


Comparing with shows that oe is almost covariant, but not quite: the factor in 


14A clarification of notation: the derivative always takes place before the change of variables, e.g. 


Oqs JA. r = Ofa fz 
ae lit: aa) = se lr: ve |e Br or . 
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front of G, is Herta” instead of iorta”, On the other hand, becomes 


oQ? _ 1 (% ~. hr 


A s Hr 
a (a+ ae -] — c(cr + d)G,|47; eae) . (6.10) 


T; ———— 

OT ñ (cr + d) (er +d 

In general the derivative (w.r.t. 7) of a modular form is not a modular form. We see some- 
thing similar happens here as well: although Qs, transforms covariantly under the modular 
transformation, the last terms of the above equation (6.10) says that 294 does not. These 
two oddities cancel each other out when we subtract (6.10) from to write down the 


integrability condition for the solution y: 


Odo. 5 iler +d? __.. P 
0= 2hr; — yo Glin: Z 


i g gir Ei t 
Ous ` (cr +d)" 27» cT+d)" Ore’ 


arp! CN 


which is precisely the modular transformation (5.38) of the integrability condition of the 


conical surplus (6.8). 


6.2 Canonical vs. holomorphic 


Now we would like to compare the ‘holomorphic’ formalism with the ‘canonical’ one (which 
we used throughout this paper). The main difference between these two approaches is in the 
identification of the spin-2 conserved charges: Qə in the ‘holomorphic’ approach and T (as 
defined in (8.25)) in the ‘canonical’ one. This difference in turn leads to different results for 
the entropy and the free energy. Now relevant to this paper we will focus on the difference 
in the modular properties of these two formalisms. 

The first tell-tale sign that the modular transformation would not be applicable 
in the ‘holomorphic’ formalism is from the integrability condition. It suffices to look at the 
s((3) theory considered in [21]. For the black hole in this theory, the spin-2 conserved charge 
is the holomorphic Qə, which satisfies the integrality condition 

OMe 00s. (6.12) 
ouz OT 
However, if Q, was to transform under the modular transformation (6.38) in the same way 


as what we proposed: 


1 ` Ly. 


p~ pr (er + dY 


Cea (6.13) 


Qs = E Hr] m> Q? = 


then (6.12) would not be modular invariant — the Lh.s. of (6.12) is modular covariant as 
shown in (6.3) whereas the r.h.s. is not, as explained in (6.10) and the lines below. This 
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suggests that if we are to extend the result of into a full ‘SL(2, Z) family, the modular 
transformation would not be the same as given in the present paper. It would be interesting 
to work out the appropriate modular transformation in the ‘holomorphic’ formalism, for 
which the translation between the two formalisms discussed in would be helpful 
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A Solving o, in terms of us 


An identity that is central to the proof of this paper is eq. (4.15). To prove it, we can 


equivalently prove its inverse: 


alts = Sad s'’—s (Qi) (A.1) 


s'=s 


where H,_,(Q,) is another homogenous polynomial of degree-(s'—s) with variables Q, having 
degree-t. 

First recall that the N — 1 eee 9) with az given in determine g, in terms 
of ys. Plugging (2.14) into , and using =e 2) = 0 and a, = Lı + Q, we have 


N 
7a Tr [w! O (Lı +Q) THs ea S= Dras N (A.2) 


2 T2 


where u = 0. Then plugging in Q = G gwe <41 Into above and using the fact the trace 


only picks up the zero modes, namely 


s'-1 m 
Tr We (Li + Q)? 7] = > Cs!,5° ail Qa.) xe) s+14+(s’—1—m)4 Bjal sj+1),0 (A.3) 
m=0 j=l 


1Note added: the authors in proposed another canonical formalism in which the charges sit in ag 
and the chemical potentials in w+. It would be interesting to try and construct a modular family in this 
formalism. 
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where Cs are some rational numbers which can be computed from (2.10) but whose explicit 
values do not concern us here. Therefore the trace in (A.2) contains only terms J [i Qs, 
with a sj = s' — s, i.e. it is a homogenous polynomial of degree-(s’ — s) with variables 
Q, having degree-t. Thus we have proved (A.I), which in turns gives (415). 


B SL(2,Z) family in spin-2 case 


Now we review how all BTZ black holes in spin-2 gravity can be obtained from modular 
transformations of the AdS; space. Below mostly follows the exposition of [6]. 


The thermal AdS; is a solid torus, with metric 
ds? = dp” + du? + du? + 2dudt cosh p (B.1) 


where u = i(¢ + itg) with ¢ the angular coordinate and tg the Euclidean time. In terms of 


u the contractible and non-contractible cycles are 


Contractible(A)-cycle: 2u ~ 2u + 20% (B.2) 
Non-contractible(B)-cycle: 2u ~ 2u + 2ris (B.3) 


where s = sı + is2 (with sg = 276 > 0) is the modulus of the boundary torus in this 
homology basis (contractible cycle, non-contractible cycle). 

Starting with the thermal AdS; solution, all asymptotically AdS, solutions (including 
AdS; and all BTZ black holes) can be obtained via modular transformations. The easiest way 
to see this is the following. Since all asymptotically AdS, solutions are locally diffeomorphic, 
they share the same metric (B.1) but with different maps of u to z = ọ + itg. Since s can 
be mapped to a unique point 7 in the fundamental domain via 


b 
sua k ) € PSL(2, Z) (B.4) 
ord c d 
we can uniquely define l 
i 
ET z=¢ġ+itg (B.5) 


First, the A/B cycle in terms of u translate into the A/B cycle in terms of z: 


Contractible(A)-cycle: z~ z+2r(cr +d) (B.6) 


Non-contractible(B)-cycle: z~ z+2r(ar +b) 


45 


201708.00145v1 


chinaXiv 


Namely, the map plus the designation of A/B-cycles determines which space-time 
cycle is non-contractible (¢, or t, or a combination of the two), thus tell us whether the 
geometry is a thermal AdS3 or a BTZ black hole. 

This can be confirmed by directly computing the metric. The metric in terms of (p, tz, Q), 
obtained by plugging into (B.1), can be brought into the BTZ form via another local 


coordinate transformation (see [6] for details): 


2 
ds? = N?(r)dt?, + NIG} + r°(do + N?(r)dtg) (B.7) 
a eee 
araa a ETT) pin — T1r2 ; NR 1 
N?(r) = — N?(r) = -a> with rı + irz = Ered 


where (c,d) = (0,1) corresponds to the thermal AdS; and (c,d) = (1,0) to the BTZ black 
hole with z ~ z + 2n(—4); and other (c,d) with gcd(c, d) = 1 gives the whole “SL(2, Z)” 
family of AdS; and BTZ black holes. 

Once we write down the AdS; solution, we can generate the entire family via modular 


transformation. The full partition function is the sum over all modular images: 


ar +b 
I= Z B.8 
Paes ad (B8) 


The resulting partition function is divergent and need to be regularized. We refer this issue 


to [661]. 


C Example-2: N =4 


Now let’s check the next simplest example: the N = 4 case. The computation is essentially 


the same as the previous N = 3 case, only with longer expressions. First, a, is 


Q2 Q313) Qa (4) 
shes bad w = a. 
de = hy ~ T ay — 9g Ws os 
And az is solved via (8.19): 
i 41 Tr [(a;)? Tr [(a;)’ 
as = z| FQ as t uala? = TE + wal - FD, (c 


Note the appearance of linear term of a,, which is absent in the az for N = 3 case (4.46). 


Now let’s repeat the procedure for N = 3 case. First the holonomy vector is now 
nm = (n2, 1, —N1, —N2) with miEN, m>n. (C.3) 
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For the conical surplus, the holonomy condition along the ¢-cycle ((2.24) and (2.22) is 
equivalent to the following three equations 


2 


Tr [(a, + az)”] = —2 dni Tr [(a, +.az)*] =0, Tr [(a,+a;)*] = > (C.4) 


i=1 


which determines the charges {Q2, Q3, Q4} in terms of {u3, u4} and 7. We will omit the 
rather long expressions for this result but simply plug them into the free energy (4.34) to 
get the final answer for the free energy (in terms of a power expansion of {ju3, 14 }): 


i i k 
—BFS = 4rk - m - | (n? +n?) — u + @) + (n? — n3)?(n? + n3) (a3 + ā3) 
9n4 — 82n?n2 + 9n4 7 7 (n? — n2 (n? + n? oe 
(9ni wn >) Cine Bi (ni am 1 >) C ET 
(n? + n5)(81 ni + 862 ninz+81n5), 3 _» 
me — n2 P (89 nt — 2 n?n? + Bon; 
E (nj 3) ( — 1725 2) (do? + a2a2) +... 
(C5) 
with 
1 1 
Q&Q = m” Q4 = Im” (C.6) 


Now we turn to the black hole. The conditions that solves {Q2, Q3} is now the holonomy 


condition around the cycle z ~ z + 2mT: 
2 

Tr [(ra. + Taz)" = —2 y , Tr [(Ta; + Taz)’ =(), Tr [(ra, + Taz)" | =? yo 
q=] 


Again we will only write the final answer of the free energy: 


_RopBH_ T2. 2 a, (mi-n) 2, 732 REL O E 2) 24, pA 
BF? = 40k Ire (ny + n3) a (83 + b3) + (my — n3) (ni + n3) (83 + b3) 


(9nt — 82n?n2 + 9n4) a 7 (n? — n2)? (n? + n2) Dgn 
T (b4 — ba) — Ce oo (83 Ba — B3 Ba) 
n? + n2)(81 n4 + 862 n?n? + 81 n5 - 
4 (ni 3) ( a 172 3) (82 + 2) 
n? — n2)?(89 nt — 2n?2n2 + 89 n3 To 
— Sam may Bm — Prana EROA (962 + BRA + 
(C.8) 
with 2 2 
ilr]? us ilr|? ua 
= aa Z — C.9 
Bs 2T 7° p 27, TÍ we 
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We see the free energy of the black hole is exactly the S-transformation 


1 
r=) Hg l4 — —. (C.10) 


of the conical surplus answer (C.10). 
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